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Abstract
We apply general formalism to derive Casimir surface force on a dilute
dielectric ball without divergencies in intermediate calculations. The corre-
spondence between the Casimir-Polder formula and Casimir surface force is
shown.
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1 Introduction
The study of spherical geometry in Casimir eect meets a lot of technical
problems, the most dicult one is the problem of divergencies, which appear
in many expressions. The special interest to the subject appeared after the
series of articles by Julian Schwinger where he proposed a connection be-
tween the Casimir eect and sonoluminescence [1, 2]. The main reason for
drastically dierent results in the calculations on the topic is the problem of
divergent expressions and their regularization. In the present paper we show
how the calculations can be performed to obtain nite results unambiguously
for the case of a dilute dielectric ball.
We study a dielectric nonmagnetic ball of radius a and permittivity ε,
surrounded by a vacuum. The ball is dilute, i.e. all nal expressions are
obtained under the assumption ε− 1  1. The permittivity ε for simplicity
is a constant. We show that even in this case, i.e without dispersion, it is
possible to derive well-dened expressions at least in the order (ε−1)2 . For a
discussion of diculties and possible divergencies that may appear in higher
orders see [3], as well as a discussion of the order (ε− 1)2 there which serves
as a conrmation of the result presented here.
In the present paper we follow the formalism which was developed by
E.Lifshitz et.al.[4] and K.Milton et.al.[5]. We start from a short overview of
known facts. Then we analyse the Casimir-Polder energy between a dielec-
tric ball and a particle of constant polarizability α, which is placed at the
distance r from the centre of the ball. In the limiting case r  a the Casimir-
Polder formula for two polarizable particles [6] can be simply obtained from
this expression. Using the same expression we show that it is possible to
derive analytically the recent result for the Casimir surface force on a dilute
dielectric ball with no divergencies in intermediate calculations (this result
has been obtained in [7, 8] using ζ-function technique and numerical approx-
imation , see other derivations retaining divergent terms [9, 10]). Volume
vacuum terms are subtracted from the beginning.
We put ~ = c = 1. Heaviside-Lorentz units are used.
2 Energy calculation
The change in the energy E of the system under the innitesimal variation










δε(x, ω) hE2(x,x, ω)i (1)
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Here




is a Fourier component of electric eld propagator trace. The system of
equations for this Green’s function was discussed extensively in [4, 5]. The
solution of this system for spherical geometry with standard boundary con-
ditions classically imposed at r = a can be written as [11] (δ-functions are
omitted since we are interested in the limit r! r0):















Here we have used the following notations (Xilm(Ω) are vector spherical
harmonics; jl(r), h
(1)
l (r) are spherical Bessel functions, ~el(r) = rh
(1)
l (r), ~sl(r) =









l (kr>)− AF,Gjl(kr>)], k =
∣∣ω∣∣pε, r, r0 < a,
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dierentiation is taken over the whole argument.
When we insert the point particle of constant polarizability α into the
point r, jrj > a from the centre of the ball, the energy change is given by (1)
with δ = 4piαδ3(r − x). However, we have to subtract the volume vacuum
contribution, i.e. when calculating physical quantities in the region r, r0 > a
we have to subtract the volume vacuum term i
∣∣ω∣∣h(1)l (∣∣ω∣∣r>)jl(∣∣ω∣∣r<) from
(5) (for r, r0 < a in full analogy the term ikjl(kr<)h
(1)
l (kr>) should be sub-
tracted from (5)). Doing so, we have to substitute ~Fl, ~Gl instead of Fl, Gl in
all the expressions, where :
~Fl, ~Gl =
{ −iAF,Gkjl(kr<)jl(kr>), k = ∣∣ω∣∣pε, r, r0 < a,
−iBF,G
∣∣ω∣∣h(1)l (∣∣ω∣∣r>)h(1)l (∣∣ω∣∣r<), r, r0 > a. (12)
The Casimir-Polder energy of this conguration is thus given by :
E1(r, a) = α
∫ +1
−1





























We perform a Euclidean rotation then: ω ! iω ,
































This expression can be calculated exactly in the limit ε − 1  1. The
functions BF and BG are proportional to (ε − 1) in this limit. To calculate
it we use the following formula [13]:
u(p, k, x, ρ) 
+1∑
l=0






p2 + k2 − 2pk cos θ (17)
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To our knowledge this formula was rst used in Casimir eect calculations in
[14] where it was applied to analytic calculation of Casimir energy of perfectly
conducting spherical shell and dilute dielectric ball satisfying εµ = 1.
In our case it can be used in the following way. The simple identity holds














dxf(x)u(p, k, x, ρ)u(p, k, x, ρ), (18)
where we have used∫ 1
−1










   . (20)
We need only the rst order  (ε− 1) in E1. We put k = r/a, p = 1 and use
(18) and its obvious generalizations in (15) to calculate E1. Finally we get






r(r + a)4(r − a)4 , r > a (21)














Thus in this limit the famous Casimir-Polder energy ECas−Pol [6] between
two polarizable particles can be obtained directly from (22).
Imagine now that we remove dielectric at the point r, jrj < a inside the
ball so that the change in dielectric permittivity is equal to δε = (1−ε)δ3(r−
x). The energy change is given by (1) again. We omit details of calculations
because of obvious similarity with the discussion above , note only that the
formula for energy change E2(r, a) in this case for a dilute ball can be obtained
from that for jrj > a by simple interchange sl $ el, α ! (ε − 1)/(4pi) and







(d4 − 10d2 − 15)
(1 + d)4(1− d)4 , d =
r
a
, r < a (23)
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To obtain Casimir surface force on a dilute dielectric ball we move its
surface from a − da to a + da. The energy change δECas is calculated us-
ing formula (1) again and obviously can be written via previously obtained










































We derived Casimir surface force on a dilute dielectric ball analytically with-
out any divergencies in intermediate calculations. Volume divergent terms
were subtracted from the beginning. This is a usual step in Casimir eect
calculations. We have shown that no surface and other divergent terms are
present in the order (ε− 1)2. This is why the nal result (25) is now dened
completely unambiguously.
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